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Abstract

We derive a dimensionally-reduced limit theory for an n-dimensional nonlinear elastic body that is slen-
der along k dimensions. The starting point is to view an elastic body as an n-dimensional Riemannian
manifold together with a not necessarily isometric Ww1-2_immersion in n-dimensional Euclidean space. The
equilibrium configuration is the immersion that minimizes the average discrepancy between the induced and
intrinsic metrics. The dimensionally-reduced limit theory views the elastic body as a k-dimensional Rieman-
nian manifold along with an isometric W22_immersion in n-dimensional Euclidean space and linear data
in the normal directions. The equilibrium configuration minimizes a functional depending on the average
covariant derivatives of the linear data. The dimensionally-reduced limit is obtained using a I"-convergence
approach. The limit includes as particular cases plate, shell, and rod theories. It applies equally to “stan-
dard” elasticity and to “incompatible” elasticity, thus including as particular cases so-called non-Euclidean
plate, shell, and rod theories.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

The derivation of dimensionally-reduced elastic theories is a longstanding theme in material
sciences, which goes back as far as to Euler, D. Bernoulli, Cauchy, and Kirchhoff [12], and in
the last century, to name just a few, to von Karman [24], E. and F. Cosserat, Love [19], and
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Koiter [14]. In essence, the problem is the following: Elasticity theory models the static and
dynamic properties of three-dimensional bodies. Unless simplifying assumptions can be made,
these models are highly nonlinear and notoriously complex. In many cases, however, one is
interested in elastic bodies that are slender across one or two dimensions. In such cases it is
appealing to model the body as an object of lower dimension—either a surface or a curve, de-
pending on the number of slender axes. The challenge is to derive reduced models for surface-like
or curve-like bodies, departing from the full three-dimensional model.

This is the context to which belong plate, shell, and rod theories [21,14]. Plates and shells
are thin elastic sheets that are modeled as two-dimensional surfaces; plates are in a state of
mechanical rest when they are planar, whereas shells are at rest in a non-planar configuration.
Rods are thin and elongated bodies that are modeled as one-dimensional curves.

Elastostatics can be formulated using a variational approach, where the equilibrium configu-
ration of the body is a minimizer of an energy functional defined on the space of configurations.
Until quite recently, the derivation of dimensionally-reduced models from three-dimensional
elasticity had been based mostly on ansatzes for energy minimizers (e.g., the Kirchhoff—Love
assumptions [12,19]). Such an approach is non-rigorous, and in particular, different ansatzes
lead to different reduced models (sometimes mutually inconsistent), a situation that has lead
over the years to numerous controversies. This situation has changed drastically over the last
decade with the development of new analytical methods, based on I"-convergence, which have
lead to rigorous derivations of plate [10], shell [11], and rod [20] theories.

An underlying assumption of classical three-dimensional elastic theories is the existence of
a configuration in which the body is free of any internal stresses; this reference configuration
is unique modulo rigid transformations. Deviations from the reference configuration involve an
elastic energy ‘“cost”, and only occur in response to external forces or to the imposition of con-
straints, such as boundary conditions that are incompatible with the reference configuration. In
the absence of such forces or constraints, the reference configuration is the equilibrium configu-
ration.

There are many systems however, in which a stress-free configuration does not exist; such
bodies are said to be residually-stressed. The distinctive feature of a residually-stressed body
is that its constituents change their shape if the body is dissected into parts (thus releasing the
residual stress). The study and modeling of residually-stressed bodies has its own history, starting
with the pioneering work of Bilby and co-workers [2,3] and Kondo [15], followed about a decade
later by Wang [25,26] and Kroner [16]; most of the cited work addressed residual-stress in the
context of defects and dislocations. In more recent years there has been a renewed interest in
residually-stressed elastic bodies in the context of pattern formation in plants (see e.g. [23,18,1])
and in synthetic materials, such as thermo-responsive gels [13].

A residually-stressed body (made of an amorphous material) can be modeled as a three-
dimensional Riemannian manifold M; the intrinsic property of the material is (local) distances
between neighboring material elements. Thus, the concept of a reference configuration is re-
placed by that of a reference metric g [26]. A configuration of this body is a mapping f : M — R?
from the Riemannian manifold into the ambient three-dimensional Euclidean space. The map-
ping f induces on M a metric g = f*e, where ¢ is the canonical Euclidean metric in R”. The
local energy density associated with the mapping f is assumed to only depend on the metric
discrepancy between g and g (this metric discrepancy is called a strain in the elastic context).
Note that there exist also geometric treatments of residually-stressed materials in which extra-
structure, in addition to the metric, is assumed; in this context see the work of Yavari and Goriely
on geometric approaches to defects in solids [27-29].
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If M is simply-connected and the reference metric g is flat, namely, has a vanishing curvature
tensor, then there exists an isometric immersion f of (M, g) into (R", ¢), in which case g = g,
hence f is a stress-free equilibrium configuration. If g is not flat, there does not exist a configu-
ration for which g = g, and the energy minimizing configuration will necessarily carry non-zero
elastic energy, i.e., it will be residually-stressed. In the elastic context, the metric g is said to be
incompatible, and the elastic model is known as incompatible elasticity.

Organisms such as plant organs, and the thermo-responsive gels studied in [13] are surface-
like residually stressed materials. The interest in such systems has naturally lead to the de-
velopment of dimensionally-reduced models in incompatible materials. A reduced theory of
non-Euclidean plates was developed in [7] based on a non-rigorous ansatz, followed in [9] by
a reduced theory of non-Euclidean shells (we will elaborate on the distinction between the two
cases in Section 8). Lewicka and Pakzad [ 17] rigorously derived the limit of non-Euclidean plates
using a I"-convergence approach, thus generalizing the result of Friesecke et al. [10] (the latter
being a particular case for a flat g).

In this paper we present an analysis that generalizes in one fell swoop the derivation of (Eu-
clidean) plate [10], shell [11], and rod [20] theories, and (non-Euclidean) plate theory [17], and
also provides, as particular cases, a rigorous derivation of non-Euclidean shell and rod theories,
for which no current analyses exist. Specifically, we consider a family of elastic problems in
which the domains §2;, C M are a one-parameter family of n-dimensional Riemannian mani-
folds that are shrinking into an (n — k)-dimensional submanifold S as the thickness parameter &
tends to zero. For each such domain we consider immersions into an n-dimensional Euclidean
space (in the physical context n = 3 and k = 1, 2) and associate with each such immersion an
energy €, : WH2(£2),; R") — R. Under suitable assumptions, we prove that any family of (possi-
bly approximate) minimizers f;, € W12(£2;,; R") of &, converges in a sense we define (modulo
subsequences) as 1 — 0 to a mapping f € W>2(8; R"), which minimizes a limiting energy func-
tional Ejip : W2(S: R") — R. Thus, the elastic problem associated with the immersion of the
(n — k)-dimensional manifold & into R" is the dimensionally-reduced model in the 7 — 0 limit.

As stated above, this general result embodies the existing theories for plates, shells, and rods,
the distinction between the first two cases being solely a property of the reference metric g,
whereas the distinction between plates/shells and rods is the codimension k. Indeed, an approach
based on a reference metric rather than a reference configuration makes the distinction between
plates and shells almost unnoticed. Moreover, under this viewpoint, there is nothing special about
non-Euclidean plates, shells, or rods, except for the fact that the limiting energy functional €y,
may not assume a state of zero energy. The remarkable fact is that the formulation of the problem
within the framework of Riemannian geometry leads to a limiting model that has the exact same
form in all instances.

While our result is very general in that it covers a variety of limits of elastic problems that were
previously treated separately, we have deliberately restricted our attention to a specific energy
density, which can be considered as a generalization of Hooke’s law for isotropic materials, and
to slender bodies with a symmetric cross section. An extension of the present analysis to remove
these restrictions seems to be straightforward.

2. Problem statement and main result
Let M be an n-dimensional smooth oriented manifold; let 8 C M be an m-dimensional smooth

oriented submanifold; let k& denote the codimension of & so that m + k = n. We endow M
with a smooth Riemannian metric g. The submanifold (8, g|s) is bounded, either closed, or
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having a Lipschitz continuous boundary. In either case, the Riemann curvature tensor is uni-
formly bounded in M. In the context of incompatible elasticity, the manifold ()M, g) models an
elastic body with internal distances prescribed by the reference metric g.

Let h € (0, hp) be a continuous parameter, and let

.Qh:{peM: dist(p,S)<h}CM

be a family of tubular neighborhoods of § that inherit the reference metric g. The boundedness
of the curvature implies that for small enough %, the exponential map,

exp: {(p.&) eNS: [E| < h} — 2,

is a diffeomorphism, where NS = TM|§ is the orthogonal complement of TMlg =TSinTM|s.
Thus, we identify

TM|g =TS dNS.

As standard, we denote by 7 : N§ — § the projection from the vector bundle NS, or its re-
striction to §2j,, onto its base. Let E — S and FF — N8 be vector bundles, and let @ : 7*E — F.
Let & € NS and let n € E;(¢). The fiber (7*E)¢ is canonically identified with the fiber E; (). So,
we can unambiguously apply @ at & to 5. Denote the result by ®¢ ().

We next introduce some definitions and notations. We define the projection operators,

Pl:TM|s > T8 and PL:TM|s— NS,
and the corresponding inclusions
JT8 <> T™M|s and NS < TM|s.

Let V be the Levi-Civita connection on 7M]|g. Then, the induced connections on 7'S and NS are

Vl=plovold and Vvit=pPlovot.

When it does not cause confusion, we use V without any decorations to denote the induced
connections as well.

Let ¢ : m*NS < TNS denote the canonical identification of the vector bundle NS with its
own vertical tangent space. Specifically, for £ € N8 and n € (m*N8)¢, there is a canonical iden-
tification of 1 with an element of (N§) ). We then define a curve y : I — N8,

y(®) =& +mnt,
and identify g (7) = y (0).
As stated above, we identify §2; with a subset of NS. Consider now the tangent space TNS.
Define the isomorphism

IT:7*TS ®*NS — TNS,

as follows. Let ¢ denote the zero section of N§. Define I7 to be the unique map such that
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s =d¢ & s,

and for each & € NS we have
V‘E &1 =0.

That is, [T is given by radial parallel transport along the fibers of N§.
A notable property of I7 is that it preserves the metric, namely

g(Meu, I[Tgv) = g(u,v), VEENS, u,ve TyeM.

For every h € (0, hy) we consider mappings f, € W12(£2,; R"), and assign to every such
mapping an energy [ f1,]. In (hyper-)elasticity the energy &, is assumed to be a volume integral
of a non-negative energy density Wy, [22]. In the absence of external constraints and forces, Wp,
only depends on the local value of the derivative of the mapping dfj,, and only vanishes if f is
a local orientation-preserving isometry, namely, if df; € SO(n), where

SO(n) = {q T2, > R": qfe=g, qis orientation-preserving}.

The mappings fj, € W12(£2;,; R") are only of interest modulo rigid transformations, hence we
may assume (for the sake of a later compactness argument) that

/fhdvolg =0. (2.1)
2

In the present work we consider a specific energy functional that postulates that the material
is isotropic and that the energy density scales quadratically with the distance of df;, from SO(n).
Such an energy density can be viewed as a continuum variant of Hooke’s law for linear springs
(i.e., the energy density is quadratic in the local strain). Specifically, we define

Enlfnl = % ][ dist*(dfy, SO(n)) d volg, (2.2)
2y

where { denotes integration divided by the volume of the domain, and the additional 1/ h? pref-
actor is discussed next.

For every fixed h € (0, ho) the energy functional (2.2) defines an elastic problem: find the
mapping f, € W2(£2;,; R") that minimizes &;. It is not known a priori that such minimizers
do exist, but one can always consider a family f;, of approximate minimizers, defined by the
condition

lim (Ex[ fa] — &) =0,
h—0
where

& =inf{Ex[f1: f e W (2, RY)).
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As h — 0 the family of n-dimensional domains 2, shrinks to the m-dimensional subman-
ifold S, and hence the volume integral of the energy density in the (exact or approximate)
equilibrium configuration is expected to tend to zero. Since we are interested in the 7 — 0O limit
of this family of elastic problems, we have first rescaled the energy by dividing it by the volume
of the domain. Furthermore, motivated by the physical setting in which § is an either a one-
or two-dimensional submanifold of a three-dimensional manifold, one can expect §2), to be “al-
most” W12 isometrically immersible in R”, in the sense that even the energy per unit volume
tends to zero as & — 0. This amounts to the submanifold (8; g|g) being isometrically immersible
in R” more regularly than W!2. As will be shown, if (8; g|g) is W?2-isometrically immersible
into R”, then the energy per unit volume is O (h%) as h — 0, which is why we divided the energy
per unit volume in (2.2) by the additional 1/ h? factor.

Our assumptions about the immersibility of (8, g|s) in R" are encapsulated in the so-called
finite bending assumption:

There exists a sequence of mappings fj, € W12(£2;; R") such that

Enlfal=O(D). (2.3)

‘We now state our main results: Let
2 ={(F,q"): FeW**(&R"), g~ e W2($; NS* @ R")}.

We say that a sequence of maps fj, : 2, — R reduced-converges to an element (F, q-) € 2 if

lim ][|fh—Fon|2dvolg:0, (2.4)
h—0
2

and

}}in})][whon—n*(dF@qL)\zdvolg = 0. (2.5)
2y

For the physically-oriented reader, condition (2.4) states that the conformations f; of the shrink-
ing domains §2; converge in the mean-square to a conformation F' of the submanifold 8. Con-
dition (2.5) states that the tangential component of df;, consistently converges to the derivative
of F, whereas the normal component of df, converges to a limit q=.

Here and throughout this paper, we denote by 7w *d F the section of 7*T*8 ® R" obtained
by pulling-back d F considered as a section of 7*8 ® R". This should not be confused with the
closely related pull-back of dF considered as a 1-form on § involving composition with dr,
which we denote by

7*dF =n*dF odn =dn* on™*dF.

The first step in our analysis is to show that any family of (possibly approximate) minimizers
fi of &, reduced-converges, modulo subsequences, to an element (F, q*) of the space .2 .



R. Kupferman, J.P. Solomon / Journal of Functional Analysis 266 (2014) 2989-3039 2995

We introduce a functional &y, : 2~ — R U {00}, defined as follows. For (F, qL) e 4, define
qe WH2(S, T*M|s @ R") by

q=dF ®q",

and let Py € I'(8; R" ® T8) and P;- € I'($; R" ® NS) be defined by

Pc||| =Plo q_l and PqJ' =Pto q_l.

Define

K I L2 1 12
Elim[F’qL]:{ﬁS(quOVq P + [Py oVt dvolgs qeSOm ae. 4 ¢

00 otherwise,
where g|g is the induced metric on & and « is the volume of the kK — 1 dimensional unit sphere
divided by k + 2.
We prove the following:

1. The lOWé’l —SemiCOntinuity piOpellv,
1. i fE 2 8 1 F, .
iminf &y [ fi] lim [ q ]

2. For every (&, p) € 2 there exists a family of mappings ¢, € W2(£2;,; R") (a so-called
recovery sequence), such that ¢, reduced-converges to (@, p) and

}}1_13% Enlon]l = Eiim[ D, pl.

It is easy then to show (see e.g., dal Maso [5] on I'-convergence) that the (possibly partial)
limit (F, g) of the sequence f;, of (possibly approximate) minimizers is a (true!) minimizer of
the limiting functional &jy,, and moreover that

Elim[F. q" ] =I}i_f>1})8h[fh]-

The practical implication of this result is the following: whenever faced with the need to find
a minimizer fj : 2, — R" of & for sufficiently small 4, one can rather look for a minimizer
(F, qL) of &€jim, Which approximates fj, in the sense of (2.4) and (2.5). In most cases, the latter
task turns out to be easier.

3. Preliminaries

In this section, we collect a number of definitions, facts, and basic lemmas used throughout
the paper.
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3.1. Integration

Let M be a manifold with boundary and let N be a manifold without boundary. Let f :
M — N be smooth. Let E — N be a vector bundle. Denote by Al(N, E) differential forms of
degree [ on N with coefficients in E. Denote by f*: A*(N, E) - A*(M, f*E) the pull-back
of differential forms by f. If f and f|ys are proper submersions of relative dimensions k£ and
k — 1 respectively, denote by f, : A*(M, f*E) — A*(N, E)[—k] the push-forward operator
or integration over the fiber of f. See Bott and Tu [4] for a discussion of integration over the
fiber in the case when M is the total space of a vector bundle, which is what we will use. The
push-forward operator f, satisfies the following properties:

1. Let N be the point so that E, f*E, are trivial bundles. If « € AZ(M, f*E), then

f*Ol: {fM‘X [=dimM,
0 otherwise.
2. f pe A*(M, f*E) and @ € A*(N, E), then
fulffanB)=a A fup. 3.1
This is a generalization of the linearity of integration to the fibered context.
3. Let
P—sm
b
k
Q —N

be a commutative diagram of smooth maps, where f is a proper submersion, P is the fiber
product M xn Q, and g, h are the canonical projections. Then, % is a proper submersion,
and if « € A*(M, f*E), then

heg*a =k* fia.
This is a generalization of the classical change of variables formula.
It is easy to see that properties (1)—(3) uniquely characterize f,. Moreover,
4. Let
P4m LN,
where g and f are proper submersions. Then
S0 8= (f 08 (3.2)

This is a generalization of Fubini’s theorem.
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5. Let V denote a connection on E as well as the associated pull-back connection on f*E. Let
w e AY(M, f*E). The following generalization of Stokes theorem holds:

V() = fo(Vo) + (=D (Flam)x(w).

The following special cases will be particularly useful. It follows from (3.1) thatif « = F is a
zero-form on 8 and B = d volg, then

. (F omdvolg) = Fr,d volg . 3.3)

It follows from (3.2) and item 1 above that if

2 BN i) point,

then for every differential form 8 on NS,

/ () = / 8, (3.4)
S 25

3.2. The tangent bundle of a tubular neighborhood

In Section 2, we defined an isomorphism 7 : 7*T8 & m*N& — TNS using the connection
on M and the identification of an open subset of NS with a tubular neighborhood of § in M by
the exponential map. In the present section, we will construct another isomorphism

o@D TSP r*NS — TNS
using only the induced connection on N§. Lemma 3.1 below estimates the discrepancy between
o @t and I1. Thus, we may take advantage of the linearity of o @ ¢ to expedite calculations.
Let ¢ : 7*N8 < TNS denote the canonical identification of the vector bundle N8 with its

own vertical tangent space, as explained in Section 2. The differential dr : TNS — 7*TS is
also defined canonically. Clearly,

dmoi=0, (3.5)
which implies that
NS < TNS s 7*T8

is a short exact sequence.
To fully determine an isomorphism T7NS = 7*T'§ @ 7 *N§ we need a map

o :m*TS — TNS,
such that

dm oo =1d. (3.6)
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Here, we use the induced connection on NS. Define o to be the unique map such that for any

curve o : I — § and any parallel normal field & : I/ — N8 along «, we have

.

og(a) =§.
Thus, we have constructed an isomorphism,
oc@L:n TS ®a*NS§ — TNS.
Let A denote the tautological section of 7*N8. That is, for & € N8,
re=E¢€ (n*NS)é.
Let IT: N8 ® TS — T8 denote the second fundamental form. Then:

Lemma 3.1. We have

c®i—M=con*llo(A®@x*Pl)+ 0(r%?).

Proof. We start by writing

O’@L—HZ(O’—HOJT*L”)@(L—HOT[*LL).

First, we show that for & € N§

|« = Tox*t) | = O(&1%).

3.7)

Indeed, let p € § and ¢, n € N§,, be arbitrary. Consider the sections ¢(¢), t(n) of n*NSlrl( -

Thinking of p as a point in NS, we claim that

Vieytmlp, =0.

In fact, by symmetry of the connection,

Dy
i\ gz e Tsm

)
)

VL(;)L(T]) |p =
t=0

D

d
= a(a(ff +s1)

= Vt(n)t(§)|p~

s=0

(3.8)

(3.9

Since the identification between §2;, and a neighborhood of & C NS is via the exponential map,

we have

ViotQ)lp = 0

for arbitrary ¢. Eq. (3.8) follows by the polarization identity from Egs. (3.9) and (3.10).

(3.10)
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An immediate consequence of (3.8) is that

|(Veoye(m) | = O(Is1).
So, by definition of 17,
Vie) (= T o) | = O(Is8]).
Since
Modct|sg=1s,

Eq. (3.7) follows by integrating radially.
It remains to show that

o —Hon*l=con*llo(A®x*Pl) + 0(1%?). (3.11)
Letpeg,letneT,8and& e N§,.Leta : I — S with &(0) = n. Let B be a parallel normal field

along o with 8(0) = &. For s € R, sf is also a parallel normal field along «. So, by definition
of o,

d
Os& (m = ES,B
=0

Applying the covariant derivative V to both sides, we calculate how o varies radially along &:
(5o )
=——(s
s=0 dS dt =0
=—1(p)

D (d
—(—(S,B) )

s=0
dt 1=0

~ dr \ds
= o11(E, 1), (3.12)

D
——Os¢ (m

dS s=0

t=0
D

where the last equality follows from the definition of the second fundamental form. On the other
hand, by Leibniz’s product rule,

= o 11, n). (3.13)
s=0

D
7, 0% (I(s&, m)

Combining Eqgs. (3.12) and (3.13) we obtain

D
= 7,05t (I(s&, m))

D
EGXS (n)

s=0 s=0
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So, considering p as a point of N§, by definition of I7,

Vi, (0 —Mor*ll —sor*llo(r@n*Pl))=0.
Since

(0 —Horn*)|g=0=0on*Mo(r@n*Pl)]q,
Eq. (3.11) follows by integrating radially. 0O
3.3. The metric on a tubular neighborhood
Corollary 3.1.

go(c@)® —n*g=0(0).
Proof. Since parallel transport preserves g, we have
go 1% =n*g.

So, the corollary follows from Lemma 3.1. O

Let g denote the unique metric on the total space of NS such that o @ ¢ is an isometry. It’s
easy to see that g|g = g|g. The following Corollary follows immediately from the previous.

Corollary 3.2.
g—g=0®).
In the rest of this paper we will write g instead of 7*g when it does not cause confusion.

3.4. The volume form on a tubular neighborhood

Let E, F — M, be vector bundles and let 4 : E — F be a morphism of vector bundles. Denote
by A%h: AE — A“F the associated vector bundle morphism between the a'”* exterior powers
of E and F.

Taking the determinant of 7, we have an isomorphism

(A"IT) ™" A" T* © AFT*NS* — A"T*NS.
Write
o= ®d) ™o (n*P”)* T T*8 — T*NS,
H=(@d) ™o (n*PL)* s *NS* — T*NS.
Note that

oc*op=1d, * o6 =1d, 0*08 =0, Fop=0. (3.14)
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Moreover, Egs. (3.14) uniquely characterize p and 6. Taking exterior powers, we have
Alp: A'g*T*8 — A'T*NS,  AJ6: AVa*N8* — AJT*NS.
Moreover,

P a'pralo=Acon™: P A7 T*$® A/7*NS*
itj=l i+j=l

~ Alz*(T*8 ® N§*) — A T*NS. (3.15)
Let 7 be the unit norm section of A™7T*8 belonging to the orientation class, i.e. 7 = d volg|,.

Let @& be the unit norm section of A*N$* belonging to the orientation class determined by the
orientations of M and 8. Define

n=A"pon*n, w= A% o T*6.
In particular, n € A™(NS) and w € A¥(NS). It is immediate from the definition that
nAw=dvolg. (3.16)
Corollary 3.3.
nAw-—dvolg = 0(1).
Proof. The corollary is an immediate consequence of Eq. (3.16) and Corollary 3.1. O

Lemma 3.2. Let o € A'(8). Then
mra= Apornta.
Proof. By Egs. (3.5) and (3.6), we have
p=dm”.
So, the lemma follows from the definition of 7*. O

Lemma 3.3.
n=m*dvolg .
Proof. Combine LLemma 3.2 for [ = m with the fact that

A"pom*dvolg s =A"porx*n=n. O
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Lemma 3.4. We have

medvolg  dvolgg

= 0(h), Slvh — 12,1 = O (h'HF), (3.17)
2] H |5k |82 (h')

where v is the volume of the k-dimensional unit ball.
Proof. By Corollary 3.3 and Lemma 3.3, we have
74 (@)d volg)g —14d volg = 1, (*d volg)s Aw) — mad volg = O (k).
Note that 7, (w) is the constant vkhk . Integrating over S, we have
IS|veh® — 2,1 = O (' 1H).
The lemma follows. 0O

Lemma 3.5. We have w|ygo, = 0.

Proof. Let S,NS C NS denote the radius & sphere bundle inside of NS. Since we have identified
£2;, with a subset of N§ via the exponential map, it follows that 352, = S, NS. Let A+ C 7*N§
denote the rank k£ — 1 subbundle that is the orthogonal complement of A in N8. By definition of ¢,

oL
L|)\J‘|ShNS A s, Ng = T082),.
Moreover, since the connection V used to define o is metric,

Ulﬂ*Tslsth T 8|s, N — T982y.
Counting dimensions, we conclude that
L
L|)~l|sth EBU'”*TS|S;1NS DA s N @ T S5, ns — T982),
is an isomorphism. So, it suffices to show that

k
A (Ll)»l|ShNS ® G'”*TS|ShNS)*w =0.

Indeed, by the definition of w and the third of Eqgs. (3.14),
k ¥ 4k * k * ~
A (Ll)\LLghNS @U|7T*TS|ShNS) w=A (t|)‘l|ShN8) oA"Q o w.

But, Ak(”“lsha\rs)* — 0 because A has rank k — 1. The lemma follows. O
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3.5. Rescaling a tubular neighborhood

Define up, : 25, — $2p,n by

pn(§) = h§.
Clearly 7 o uj, = 7. So, there is a canonical bundle map iy, : 7*TM|g — 7*TM|g covering (.
By abuse of notation, we use (i, to denote its own restriction to the summands 7*7'8 and 7*N8&
of m*TM|s.
Lemma 3.6. We have
dupot="h(oity), (3.18)

dupoo =0 o fiy. (3.19)

Proof. Let§ € 2, let & € N8 (¢) and let x € Ty (¢)S. By definition t£ (¢) = y (0), where y (1) =
tc +£&. So,

d
dupote(§) = gm0 y (1)
t=0

Furthermore,
pn oy (t) =htl + hé.

On the other hand, t5¢(¢) = 5(0) where 8(¢) = t¢ + hé&. Eq. (3.18) follows from the fact that

= h$(0).
=0

d (1)
— U 0
dt,th 14

Similarly, by definition o¢ () = 1(0), where v(¢) is a parallel normal field along a path «(¢) in 8
with «(0) = x and v(0) =&. So,

d
dupoos(x) = gy Hn o (1)
t=0

Moreover, uj o v(t) = hv(t). On the other hand, hv(¢) is a parallel normal field along «(¢) with
hv(0) = hé&. So,

d
one(x) = Ehv(l)

b

t=0

and Eq. (3.19) follows. O
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Corollary 3.4. We have
Foduy =h(iyol"), o*odu; =jijoo*, (3.20)
dup o8 =h(0o ), disiop=pofi;. (3.21)

Proof. Eqgs. (3.20) are the duals of Egs. (3.18) and (3.19). Egs. (3.21) follow from Egs. (3.20)
and the fact that Eqgs. (3.14) characterize p and 6. O

Corollary 3.5. We have
wro=nh*ew,  uin=n.
Proof. The corollary follows from the definition of w and n along with Egs. (3.21). O

Lemma 3.7. Let f € Ll(.Qhoh). Then

1+0m)
dv
| ravel, STl /(f o ) 1 A .

2nyh

Proof. Using Corollary 3.3, Lemma 3.4 and Corollary 3.5, we calculate

14+ O(h)
][fdwﬂg:vkhkhﬂ& /f

Lpyh

1+ 00 .
_—vkh’ghk|8|9f (f o pn)py,(n A )
ho

_1+0WM

VR /(f ppnAw. O

Let
>|<’S CATITRS — AMTIg R TS, *{v c AV TENS® — ARTINS*,
denote the Hodge star operators induced by the metric g. Let
¥ AIT*NS — A" T*NS
denote the Hodge star operator induced by the metric g. Then,

=3 (poxkoo™)®(0ox)or¥). (3.22)
i+j=l

Denote by uj* the pull-back Hodge star operator, i.e.
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(147,%) (o) = i (Fev).
So, uj * is the Hodge star operator of the metric g.
Lemma 3.8.
Wy = %.
Proof. The lemma follows from Eqgs. (3.22), (3.20) and (3.21). O
3.6. Weak convergence on shrinking tubular neighborhoods

Definition 3.1. A sequence of L? differential forms o, € AZL2 ($2n1,) weakly converges to zero if
forall ® € A/ (£25,) we have

[ (59 i @) o0

Qho

as h — 0. A sequence of sections ay, € Lz(thO, a* AL T*M|g) weakly converges to zero if the
corresponding sequence a = AL(IT*) L oay, € AZL2 (£2h1,) weakly converges to zero.

Lemma 3.9. A sequence ay, € Lz(.tho, 7* ALT*M|g) weakly converges to zero if and only if

][ g(an, Bp) dvolg — 0

2nh

for all sequences By, of the form
,Bh = hj_p(ﬂ'*ﬂ o )\,®p)
where B € L*>(8; A'T*S ® AINS* @ NS*®P) with i + j =n — [ and p is arbitrary.

Proof. Let

Brn=(Ap® AI0) 0 By

In particular, Bh is a family of (n — [)-forms on £2j,. It is clear from the definition of A that
Ao pup =hai.So, by Egs. (3.21) we have

wibn=(A'p® AIO)*B o r®P.
The right hand side of the preceding equation is clearly independent of /. So, we write

g = 1} .
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Letay = Al(IT")_l oayp.By Lemma 3.1, Corollary 3.1, Eq. (3.15), Corollary 3.2 and Lemma 3.7,

][ glan, Br) d volg = ][ g(Al(c @ 0* ooy, Br)dvolg +0(h)

Lhhg nh

= ][ g(on, (A'p ® A70) 0 By) d volg +0(h)

nh

=(1+0Mm) ][ (e, Bp) d volg +0 (h)

hhy
_1+0M

*a Toy, D O(h).
LS| (13,8) (Whan, Pp)n A w + O(h)

ho

Observe that @4 is an arbitrary L? form on £2),, that is polynomial along the fibers of 7. The
lemma follows since polynomials are dense in L2. O

4. Rigidity

The compactness property, whereby any sequence of approximate minimizers of &, reduced-
converges, is based on a rigidity theorem that can be viewed as a quantitative version of Liou-
ville’s theorem. A rigidity theorem for mappings R” — R" was proved by Friesecke et al. [10],
paving the way to their derivation of plates, shell, and rod theories. In this section, we present
a generalization of the rigidity theorem of [10] that applies to our Riemannian setting. Like
Lewicka and Pakzad in [17], we base our proof on the theorem in Euclidean space. The notable
difference between our formulation of the rigidity theorem and the ones in [10] and [17] is that
in the Riemannian setting one has to adapt the notion of a spatially constant matrix. Another dif-
ference between the approach here and the above mentioned references is the use of a smoothing
convolution operator rather than a partition of unity.

We introduce some more notations. Consider the commutative diagram in Fig. 1. Recall that
7 : N8 — 8 denotes the canonical projection. Moreover, let & : TS — 8 denote the canonical
projection, and let e : 78 — § denote the exponential map. The other maps in the diagram are
canonical projections of fiber products.

Below, we will use repeatedly the following identities that follow from the commutativity of
the diagram, and the properties of the push-forward operators:

fe*:/w*, (4.1a)
S S

7.8 =e*m,, (4.1b)
o, e =t w,7,, (4.1¢)
EFFF = 78, (4.1d)

e*w, =w,e”, (4.1e)
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THINS —————> e*N\§ — N8
é e
T 7 T
e*TS — TS 8
e e
o2 [
o*T§ T8 8
B e
a o
TS )

w

Fig. 1. Commutative diagram used to infer Egs. (4.1a)—(4.1g).
Bfo* =a*w®, (4.1)
Bt = o *w,. 4.1g)
For every h € (0, hg) we define the indicator function Jj, : TS — R:

Jh(p’ 77) - 1|n|<h~

We then define a family of non-negative test functions Kj : T8 — R whose support is compactly
embedded in the support of the J;, and satisfying

o (Kn Th€*d volg) = w, (K e*mud volg) =1, 4.2)
where the first equality follows from (4.1b). We further choose K}, such that
Ci1h"Kp < Jp < Coh" Koy, (4.3)
and
Ch" N dKy| < Iy (4.4)
Next, we introduce the function @ : TS — T'S defined by
eo®=w and mo® =e.
Clearly, @ is a diffeomorphism, and

®od=1d, (4.52)
Jyo® =Jj. (4.5b)
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Changing variables, we may also express the normalization of K, as follows:

ex((Kp o @) w*m.d volg) = 1.

We then define the mapping & :e*T8 — w *T'S:

E(p.n. &) =(p,n, 1),
where 7 € T),8 is the unique vector satisfying:
epr(T) = expexpp ) (€).

We note that

~
G

We augment this diagram by adding the maps =, & and 7 as follows:

ere*NS —— e*NS —— NS

hence

(4.6)

(4.7a)
(4.7b)
(4.7¢)
(4.7d)
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To&=EoT7, (4.8a)
€odol& =Fo8, (4.8b)
T2 = EX ot R,. (4.8¢)

Let ¥ : @ *TM|g — e*TM|g be the isomorphism given by parallel transport along geodesic
rays; we can view ¥, ,) as a mapping from 7, M|g to Texpp(,,)Mlg.

Lemma 4.1.
F*a*W —T*Y o W = O(h?). (4.9)
Proof. Holonomy around a loop is the integral of curvature over a spanning surface. O
We these preliminaries, we state a local rigidity theorem:

Theorem 4.1. There exists a constant C > 0 such that for every h € (0, hg) and every fj €
WL2(2),: R") there exists a section Py € L3(S; T*M|s ® R™), such that

@[ I T ([E*dfy & IT 0 F*W — T pj[7€*d voly) |

< Clo [ Jn 7% (dist (dfn, SO(m)) d volg)] + h? @ (Jy 7€ *d volg) ).
Proof. Fix p € 8. Let B,T,S C T,S denote the ball of radius /4, and let
Upn={& €e™N8|p , ot 5] <h}.

For sufficiently small &, we identify U, , with the open subset of Euclidean space

m k
Vi = {(xl,...,xn) eR" | > x7 <h% ) xiy, <h2}
i=1 j=1

as follows. Let 1 be a basis of T,S and let & J be a frame of e*N§| B,T,s such that V§ J vanishes
at0 e T,S forall j. The map up p, : Vi = Uy, given by

k m
upn(¥) =) xjymé’ (mel)
j=1 i=1

is a diffeomorphism and, therefore, defines coordinates on U, ;. We claim that with respect to
the coordinates x;, the metric has the form

gij =8 + O(h?). (4.10)

We return to the proof of (4.10) below. Using this system of coordinates, we view maps
Up,n — R" as maps R" — R". By the rigidity theorem proved in [10], there exists a constant
C > O such that for every f € Wl’z(Up,h; R™) there exists an n x n matrix Q € SO(n), such that
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][ IVf—QIfdx<C ][distz(Vf, SO(n)) dx

Up.n Up.n
where all inner products here are Euclidean. The theorem follows by using the fact that the
Euclidean metric differs from the Riemannian metric by an O (h?) term.

It remains to prove (4.10). For the rest of this proof, exp denotes the exponential map of M
while e denotes the exponential map of S. Let f, 5 : Up p — £2 be given by

Sfp.n(§) = CXPe, (7 (£)) (€).
The metric on U, j, relevant to formula (4.10) is f; »8- Let &, x be sections of e*N§ with
VE=Vyx=0 (4.11)
at0eT,S.Letn,veT,S, and let

g(S, l) = fp,h([t(%- +SX)]t(n+sv))'

Denote by Q the vector field along g (0, ¢) given by

g
Q@) = 8_(0’ 7).
s
To prove (4.10), it suffices to show that

lo0)|* =2(|x O +1vP?) + 0(4).

Indeed, it is easy to see that Q(0) = 0. We denote the covariant derivatives of Q by Q’, Q”, etc.
Using the symmetry of the connection,

Dag
dt ds

D8g
0lr=0 ~ 9s ot

0'(0) =

t=01s=0

=x(O0) +v.

9
= g(.s;(O) +5x(0) +n+sv)
s=0

Let R denote the curvature of g. Using the symmetry of the connection and assumption (4.11),

0" = 228
dt ds 0t |;_q|,—0
D Do
=R —g(O,O),Q(O) 50,00+ =2
ot ds 0t 0t |,_ol,—o

=0.
s=0

D
=0+ gvnﬁ-sv(s +sx)

So,
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(0, 0)(0)=2(0’, 0)(0) =
(0, 0)"(0) =2(Q', 0')(0) +2(Q", Q)0) =2|x(0) + v|*,
(0, 0)"(0)=6(Q", Q")(0) +2(Q". 0)(0) =

and (4.10) follows. O
This local rigidity theorem is the basis for proving the following “global” rigidity theorem:

Theorem 4.2. There exists a constant C > 0 such that for every h € (0, hg) and every fj €
WL2(2;,; R") there exists a section q, € W2(8; T*M|s @ R"), such that

][|dfhon—n*qh}2dvolg<Ch2{8h[fh]+1} (4.12)
2y
and
2JT,,alvol
][| P < cfenl 1+ 1) @.13)

Proof. Letp;, € L*(S; T*M|s @ R") be a section satisfying the assertion of Theorem 4.1. We de-
fine

dn = @u(Kn 7o (€*dfy o €M o T*W ®T*d voly)). (4.14)

Consider now the integral

I:f!dfhoﬂ—n*qh|2dvolg.

Then

71*(|dfh oIl —nt*qy }zdvolg)

n,,(|dfh oll — n*qh}zdvolg)e*((Kh od) w*n,,dvolg)

@ {(Kp o @) w*m.d volg ATLE*(|dfy o IT — *qp, |2dvolg)}

(med volg) @, [ (Kj 0 @) 7o ([E*d fy 0 §*IT — Fe*qu|*E* d volg) ),

/
/
@D /e*{(Kh o @) w*m.d volg /\e*n*(|dfh oll — n*qh‘zdvolg)}
S
/
/
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where here and in the remainder of the proof we write above the relation signs the equation
number from which the relation follows.

Using next the fact that parallel transport is norm-preserving, adding and subtracting 7*w *py,,
and using the Cauchy—Schwarz inequality, we get

I <211 4+ 21,

where

I = f(n*dvolg)w*{(Kh o cb)y”f*(\'é*dfh o€ MM oT*Y — ﬁ*w*ph|23*dvolg)},
S

I = /(n*dvolg)w*{(l{h o @)ﬁ*(‘ﬁ*w*ph —7*e*qp 0 ﬁ*lI/|2?§*dvolg)}.
S

Consider /;:

(4.3),(4.5b) C ~ (s ~x ~x ~% ke |2~
1 < h—n/(n*dvolg)w*{Jhm(‘e dfpoe ™ llon ™V —n"w ph} € dvolg)}
S
“4.12)  C o s
< h—n/(ﬂ*dvolg)w*{Jh 7. (dist™ (dfn, SO(n)) 0 €(€*d volg)) }
S
Ch? ~
+ h—n/(n*dvolg)w*{Jh L€ dvolg}
S
(4.3)
<

C / (7ed volg) @ | Koy 74 (dist* (d fi, SO(n)) 0 €(E*d voly))}
S

+ Ch? /(ﬂ*d VOlg)ZD'*{KZh ?f{é’*dvolg} =1, + 11p.
S

We then basically revert the steps we did before:
(3.1) . 5
L, < C f(n*d volg) w,{KZh n*e*(dist (a’fh, SO(n)) dvolg)}
S

‘e f (od volg)wr, | Kape™r, (dist® (d i, SO(n)) d volg) )
S

D e / w*{the*n* (dist2 (dfh, SO(n)) d VOlg) A @ *.d volg }

S

@1y - / e | Kane* . (dist? (d iy, SO(n)) d volg) A w*med volg )

S
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7'[,*(dist2 (dfh, SO(n)) d Volg)e*{thw*n*d volg }

def

7, (dist? (d f, SO(n)) d volg) = Ch?|$2;| Enl ful,

and

m.d volg w*{KZh T.e*d VOlg}

S
(4.1b) Ch? / T.d volg w*{Kz;, e*m.d VOlg}
S
/md volg = Ch?|$2,|.
S

Consider next Ir:

L “”/(n*dvolg)w*{(l(hoqb)\w ph — "y o W] FE*d volg).
S

We derive the following identity:
e*qno W = o |Kn T (€% dfy o€ [T o T*W)E*dvolg)} o W
@D, *@ T (K o T) (€ dfp o€ [T o T*W) €*d volg) o W

CL) B me*((Kp o F)(Edfy o T 0 T*W)T*d volg) o

= w*zr*((Kh onoe)( e e*dfy oe*e*Hoe*n*W) *dvolg) oy
“E*d voly)

3.1

4.1d), (4.8b) ~ ~
1. )w* *((Khoeorr)

x (BT dfy 0 BX@ T T o B*EW 0 765 W) & d voly)

Y FA((KyoToR)

X (E*@T dfy 0 E*T*THT o B* E*a*W) E*T'E*d voly)
2 B (K oOmE T ((§*dfy 0T IT)T*d volg) 0 B*a* W)
UL B (K 0® B 7 (8% dfy 0T IT)T*d volg) 0 B*a* W)

Z (K 0 E T ((§*d Sy 0T o F*W)T*d volg) ) + O (h2)

T Tu((Kp o T 08) (€ dfp 0 '€ [ 0 T W o T & W)

3013

(4.15)

(h%)
h?)
h?)

=  @E*(KpoCo 8 N A ((€*dfy o€* T o T*W)T*d volg) } + O (h?)

L B(Kno®o BT Ru((§7dfi o7 T 0 FW)FHd volg)} + O ().
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On the other hand, using the fact that

e*1 = e*w*(Khﬁ*E*dvolg)
(41b), (4.1e) o A*(Khe 7.d vol )
*
= w*((Kh oe)ee*m,.d volg)
e ((Kh o) E*a*e*m.d VOlg)

Yo bt

(3.1), (4.1b) > H*((Khonu 1)0{ T.€ dvolg)

UL B (K 0T 0 7N 7,E*d vol,g)

we have
o pr = @*pp fa((Kn 0€0 B~ ) a*7,E*d voly)
=) B ((Kn oo E71)(B*e*py)a* 7, & d volg)
<4“>ﬁ*((1<hoeou N (a* o *pa)o* 7, & d volg)
20 B ((Kn o€o B o & (7 o *pi €*d volg)).
Thus,

e*qno ¥ — o’ py
=B f(Kn 0Co B )a* T ((€*dfy o IT o F*W — F*ar*py) *d volg) )

+0(n?).
and by Jensen’s inequality,
e an 0 ¥ — @ py |
<B(Kn0€o ) ([E*dfy o IT 0 T*W — T*ar*py | €*d voly) )
W ot (K oBo B 0a) 7, ([87dfs o8 [T 0 #W — #* e *py|*T*d voly))
" ot [(Kn o€0 B o) T, ([§7dfy 0T T 0 F*W — F e py| T d volg) }.

We then use the fact that K o0 5 1oa < C /' Jop, and the local rigidity theorem to obtain

e*qro¥ — w*ph|2

< h%af*@{fzhﬁ*(distz (dfn, SO(n)) 0TE*d voly) )

+0(h?).
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Substituting into (4.15):
C
N

x {(Kn o @)oo * | Jon T (dist* (d fr, SO(n)) 0 € €*d volg) } 7.&*d volg )

L h% f(md volg) @ { Jon 7. (dist? (dfy, SO(n)) 0 € E*d volg) o { (Kj o ®) 7&*d volg }
S
= hgn /(md volg) @, { Jon T (dist? (dfi, SO(n)) 0 € €*d volg) }
S

= C / (red volg) @y Kap 7 (dist? (d f, SO(n)) 0 €E*d volg)},
S

and the latter is identical to I1,, up to the fact that K5 has been replaced by Kaj,.
Putting together the estimates for /1,, 15, and I> we obtain

1
— < Ch*(& +1),
2] (Enlfnl+1)

as required.
It remains to estimate the derivative of qj. Writing

dn = @ Kn T2 (€*(dfn o T)E*d volg) o W},
we differentiate,
Vap = o {d Ky T (€ (dfy o T)E*d volg) o W}

+ @ | K V(€ (dfi o IT)E*d volg) o ¥}
+ @ K T (€ (dfn o [T)E*d volg) o V& }.

The second term vanishes because 7, (€ *(dfj, o IT) €"d voly) is a top-degree form. The third term
is O (h) because V¥ =0 at the zero section of 7'S.
Finally, noting that

0=d()py = w.{d K, T (T "pp)e*d volg) },
we get
Van = o {dKp T ((€*dfy o€ T o T*W — T*w*p;) €*d volg) } + O (h).
Using once more Jensen’s inequality, along with the bound (4.4) for |d K|,
|2

IVaul* < M%w*{Jhﬁ*qE*dfh o€*T o F*W — T e *py| € dvolg)} + O (h?).
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Applying the local rigidity theorem and integrating over § we recover, up to a 1/ h? prefactor,
the same bound as above. O

Let f5, : £2;, — R” satisfy the finite bending assumption (2.3), and let q, : TM|g — R" be a
corresponding family of sections that by Theorem 4.2 satisfies

][}dfh o IT —m*qu|” dvolg < CRX{Enlfiu] + 1} = O (h?),

and

7.d vol
/|Vclh|2 |,Q—h|g <C{enlful+ 1} =0().
S

By property (3.3) of the push-forward operator 7, and the Cauchy—Schwarz inequality,
o / dist? (q, SO(n)) mud volg = ][ dist* (7 *qu, SO(n)) d volg
h

2

< 2h? Enlfnl+ 2f‘dfh oll — ﬂ*qh|2dV019
2y

= o)

from which we deduce that

2yr,(dvol
I%I 2] = O(D). (4.16)

5. Compactness

The results of the previous section can be summarized as follows: let f;, € W12(£2;,; R") be
a family of mappings satisfying the finite bending assumption (2.3). Then there exists a family
of sections q;, € WH2(T*M|s ® R"), such that

][|dfhon—n*qh\2dvolg=0(h2), (5.1
5 Txd vol

lqn> =——2=0(1), (5.2)
/ |$2 |

and

5 Txd vol
V> =—2 = 0(1). 5.3
/I 2] (1) (5.3)
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Proposition 5.1. There exists a sequence (not relabeled) qj, that weakly converges, as h — 0, to
a limit q € wl2(s:; T*M|g ® R™), namely,

qn —q in WI’Z(S; T*M|s @ R").
In particular, qi, — q strongly in L>(8; T*M|s @ R").

Proof. It follows from Egs. (5.2), (5.3), and Lemma 3.4, that both q; and its covariant
derivative are bounded in L?(8). Weak convergence follows from the weak-compactness of
WL2(8; T*M|s ® R"). The weak convergence of g to q in WH2(8; T*M|s ® R"), the fact
that weak boundedness implies strong boundedness, and the Sobolev embedding theorem imply
that q;, strongly converges to q in L2(8; T*M|s @ R"). O

A notational convention: we will henceforth write

L 4L

qfl‘:qhot and gt =qo .
They belong to W!2(8; N8* @ R"). We write

q, =9qpot" and q” :qot”.
They belong to W12(8; T*§ @ R").
Corollary 5.1.
}}irr}) ][|dfh oll — n*q\zdvolg =0. (5.4)

2
Proof. Proposition 5.1 together with Eq. (5.1) gives the desired result. O
Proposition 5.2. g € SO(n) a.e.

Proof. By the Cauchy—Schwarz inequality and the invariance of SO(n) under parallel transport,
][distz(n*q, SO(n))d volg < 2h* & fn] + 2][|dfh oIl — n*q\zdvolg .
2 £2p

Both terms on the right hand side tend to zero as 7 — 0, hence

li dist? (7 *q, SO(n)) d voly = 0.
hl_r)% is (rr q (n)) volg
£2p

By the properties (3.3), (3.4) of the push-forward operator m,, and the uniform limit (3.17),



3018 R. Kupferman, J.P. Solomon / Journal of Functional Analysis 266 (2014) 2989-3039

0= li dist? (7 *q, SO(n)) d vol
h1_r)r%) 1s (71' q (n)) volg
£2p

.1 .
= lim o / 7, (dist? (q, SO(n)) o 7 d voly)
S

7.d vol
= [ dist? lim —=——2
/IS (9, S0(n)) <h1_r)r%) TN )
8

= ][ distz(q, SO(n)) d volyq,
8

which implies that g € SO(n) a.e. O

Corollary 5.2.

][|dfh|2dvolg =0(). (5.5)
2

Proof. This is an immediate consequence of the finite bending assumption (2.3). O

Define now the averaging operator 7, : LY(2,) = LY(S),

. (¢ dvoly)
m.d volg

b

T, (@) =
and consider the family of mappings Fj, : S — R" defined by

Fp = 1. (fn). (5.6)

It follows from (2.1) and Lemma 3.4 that

}}in}) ][thvolg|S =0. 5.7
S

In the rest of this section we prove that Fj strongly converges in W!2(8; R") to a limit
F e W2’2(S; R™), which is the reduced-limit of the sequence fj,.

Lemma 5.1.

][m, — Fpom|*dvolg < Chz][ |dfn)?d voly .
25 £2p
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Proof. By the definition of F},
7 (fn — Fpom)=0.
So, we apply the fibered Poincaré inequality,
72 (1fn = Faom?) < Ch* ma(1dful?),
and integrate over 8 with respect to the measure m,d volg. O

Proposition 5.3.

][}th —q! P dvolgs = O(h?). (5.8)
S

Proof. Using Corollary 3.3, Lemma 3.3 and the fiberwise integrability of fj,

T (fpm*d volg g Aw) . (frw) 1
= = " d O(h)).
7, (*d volg)g Aw) T vkhkn (fiw)  (mod O (h)

Fp=m(fn) =
So,

4y = 1 A0) + 7 A do) + (g ()] (mod O). (59)
By Lemma 3.5 we have
(792, (frw) = 0. (5.10)
Similarly, using also the fact that ,® is constant,
7u(dw) = d(m,0) + (|32, ) s = 0.
So,

T (fi A dw) =71, ((fn — Fpom)dw),

and
1
M%—ﬂ=7ﬂﬁhdwﬁ—nwawy+m«ﬁ—meymﬂ (mod O (h)).

Write dw = o A w+ B where « is a 1-form and 7, 8 = 0. Choose C such that |«|?> < C. By (3.6),
7 is a Riemannian submersion with respect to g. So, by Corollary 3.2, we have

1+ 00

|dFy —a)| = e [7u(|dfn — 7*a)|w) + VCru(Ifu — Fromlw)}  (mod O(h)).
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By Jensen’s inequality and the Cauchy—Schwarz inequality,

3+ 0(h)

2
|th—C|h| < Uk]’lk

{7.(|dfi — 7*q)|*0) + Cr(1fi — Fuow @)} (mod O(h?)).

By Lemma 3.2 and Egs. (3.14), we have

|

”*qyzO(O@‘)=(O@L)*opon*q|}|l:n q-
So, by Lemma 3.1

|dfh —7T*qyl|2=|dfhoﬂ—n*qylon|2

<2ldfy oI —*qu 0 (0 ® 0| + 0 (h?)

—2|dfy o [T —*qu|” + O (h?).

So, integrating and using LLemma 3.4 and Corollary 3.3 we obtain

112d volg|g
dFy, — — 98

8
34+ 0(h)

v hk (8|
2

ldfi o IT—7*qu|* + Clfis — FromP)n A w
=(3+0(Mm) f(z\dfh oIl —w*qu|” + Clfs — Frox*)dvoly (mod O(h?)).
2

The first term on the right hand side is 0 (h?) by (5.1). The second term is O (h?) by Lemma 5.1
and (5.5). O

Corollary 5.3.
li dF, —q'|*dvoly. =0.
hl_l)l})][| h q{ VOlg|g
S

Proof. The corollary follows from Proposition 5.3 and the strong convergence of g, to g, Propo-
siton 5.1. O

Lemma 5.2. F}, is uniformly bounded in W12 (S, R").

Proof. By Corollary 5.3, d F, is uniformly bounded in L?(8; R"). So, by the Poincaré inequality
and Eq. (5.7), F}, 1s also uniformly bounded in L*S;R". O
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Theorem 5.1. The sequence Fy, has a subsequence that converges to F € W>%(8; R"),

Fp—F inW'2(8;R").
Moreover, dF = q”.
Proof. By Lemma 5.2 and the Sobolev embedding theorem, after passing to a subsequence, Fj,
converges in L?(8;R") to a limit F. By Corollary 5.3, d F}, converges strongly in L?(8; R")
to ql. So, we conclude that Fj, converges strongly in W12(8;R). Since the limit must still

be F, we conclude that dF = q”. Finally, since q” e WL2(S; T*S ® R™), it follows that
FeW>»2(§;R). O

Corollary 5.4.

lim ][lfh — Fom|*dvolyg =0,
h—0
£2p

Jim ][|dfh oI —n*(dF ®q*)|*dvoly =0.
2y

Proof. The result follows from Lemma 5.1, Corollary 5.2, Corollary 5.1 and Theorem 5.1. 0O

To conclude, we have shown that f; has a subsequence that reduced-converges to a limit
(F.qb).

6. Recovery sequence
Let
2 =WH(&;R") x WH2(S; NS* @ R™).

In this section we show that for every pair (F, g*) € 2" there exists a so-called recovery sequence
fn € Wl’z(.Qh; R™) that reduced-converges to (F, qL), such that

lim E41£i) = Eim[ F. "]

where Cjip, is given by (2.6).
Let (F, q-) € 2. We construct a recovery sequence f, € W12(§2,: R") as follows,

fa=Fom+n*qtoA, (6.1)

or in explicit form, for & € NS,

fn&) = F (&) + ae) ©).
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Proposition 6.1. The derivative of the recovery sequence satisfies

dfpoo=n*dF —l—n*(VqJ‘) oA\,
dfyot=mn*qr, (6.2)

or in explicit form, for § e NS and X = X! @ X1t € (n*TS & T*N8)e = (T8 @ N8)x(¢),
[dfwo (@ @ 0] (X" & X) = dFrie)(X") + e (XT) + (Vx107) 1 ) ).

Proof. Let £ e NS and 1 € (N8)(¢). Recall that

9

t=0

d
tg(n)=a(5+tn)

hence,

d
(dfpov)e(n) = th(é +1n)

=0
d 1
= E[F(ﬂ(é)) + ey (€ +11)] .
or in compact notation,
dfpot=m*q+.

Let then « : I — §, such that X = &(0) € (T'8)(¢). Recall that 0z (X) = y(0), where y : [ —
NS is any parallel normal field along «. Then

d
(dfn 0 0)e(X) = —[F (1) + g (v ()]
=0
Dy

)

The last term on the right hand side vanishes because y is parallel. So, in compact notation,
dfyoo =n*dF +7*(Vg*) o x. O
Proposition 6.2. f, reduced-converges to (F, q'), namely,
lim ][|fh — Foyr|2dvolg =0,
h—0
2

lim ][|dfh o T —n*(dF ®q*)|*dvoly =0.
2y
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Proof. For every & € §2,

(fa = F o ) () = dy ) (&) = O (h),

hence
][ | fn — Fom|*dvolg = O(h?).
2p
Next, by the Cauchy—Schwarz inequality,
|dfyy o IT—7*(dF @ q4)|> <2|dfiy o (0 ®@1) — n*(dF @ q-)|* +2|dfy o T — o ® 0|
<207 (Vat) o [P+ 21d i [T — 0 @ .

Since by Lemma 3.1, |[IT — o @ t| = O(h) and dfj, is uniformly bounded, i.e., satisfies (5.5), it
follows that

][ \dfy* 1T — o &> dvolg = O(h?).
2

Finally, since uniformly for every & € £2;,
¥ (Vat) 0 1](&) = |(Vab), 6, )] = O,

it follows that

][|n*(VqL) o A|2dvolg =0(h?). O
2

Lemma 6.1. For all A € GL(n),

T
A+A < C min(|Al, |A%).

dist(Id+A, SO(n)) — ‘

Proof. The O(|A|) bound follows from the fact that all the terms on the left hand side are
O(]A]). The O(|A|?) bound follows form the fact that |A + AT |/2 is the first-order Taylor ex-
pansion of dist(/ + A, SO(n)) at A=0. O

Proposition 6.3.

}}i_% Enlful = Eim[F, ]
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Proof. Note first that by Lemma 3.1 and Proposition 6.1,

dfy ol =dfyo(c ®0) —dfyoo on*Uo(A@*Pl) +|dfy| O(h?)

=7*(dF ®q") +7* (Vg —dF oll)o (A ®@7*P)
+(|Va*|+1dfal) O (h?).

By the invariance of SO(n) under parallel transport,

dist(dfn, SO()) = dist(n*(dF @ q) + 7*(Vq- —dF o1l) o (A®@ 7* P1), SO(n))

+ ([Vat |+ 1dfal) O(h?).

Hence, by the uniform L?-boundedness of d fn,

_ .1 .2 1
}}f})gh[fh]=}}£l})ﬁfd15t (zr*(dF@q )
2y

+7*(Vgt —dF oll) o (A® *P), SO(n)) d voly .

Note that for £ € 2, 7*(Vq+ —dF oIl) o (A ®n*P”)|§ = O(h), hence

Jim, W2 Enlful = lim ][ dist(7*(dF @ g™), SO(n)) d volg
2

= ][ dist(dF ©® qL, SO(")) dvolgjs,
S

and therefore if dF @ q- ¢ SO(n) a.e., then
. 1L
I}I_IH) Enlfnl=o00=Eim[F,q"].
It remains to consider the case q = dF @ q+ € SO(n). We have
dist(7*q + 7* (Vg —dF o) o (A ® P"), SO(n))
=dist(ld+7*(Vqg= —dF oll) o (A® PN o n*q™", SO(n)).

It follows from Lemma 6.1 that for A € GL(n) with |A| = O (h),

2

T
SR o(h%).

2

dist*(Id+A, SO(n)) = ‘

Take

A=7*(Vgt —dFoll)o (A@n*Pl)or*q™!,

(6.3)
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or more explicitly, for v € R"

Agv = (V(PJ')n@)(v)qL)n(s)(E) — (dF oIz () (£, (Pclll)n(&')(v))'

Using the fact that Az = O (h), we obtain

2
dvolg

1 A+ AT
lim & = lim —
A, €l fal hli%;ﬂ][‘ 2
2

= lim — tr(AT A+ A?)d vol (6.4)
a2 | Yo' '
£2p

At this point, it is helpful to introduce index notation to clarify the sense in which tensors with
several upper and lower indices are composed and transposed. Let p € §, and let X1, ..., X,,bea
basis for T, M such that X1, ..., X,, is a basis for 7,8, and X,,, 11, ..., Xsu4n, is a basis for NS ,.
To keep our notation concise, we use the following convention for ranges of summation:

i, k, run from 1 to n,
a,b,c, runfrom 1 tom,

u,v,w, runfromm+1ton.

The orthogonality of 7,8 and N§,, implies that g,, = 0.
Let Yq,...,Y,, be a basis of R”. We reserve Greek letters for indices associated to the Y's.
For § e N§, and n € R", write

So, for example,
Agn = (Vady — a2 10G,) (47" )g&" 1" Ya.

By Eq. (6.4) and Lemma 3.4 we get that

%irr})c‘lh[fh] = ][deolg|8,
S

where

. (1
W= %%(W&(tr(ATA + AZ))>.

We now calculate W explicitly. Define the section M of NS ® NS by

1
M:1' _*)\. A..
h1—>mohzﬂ—( @1
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At the point p € §, we have

W= eayga ( aqy — de 1 )(Vbqg/ - qZ HZI)MW

+ (Vﬂlqu qc HC )(CI_ )Z(Vbq? - Clg HZI) (q_l)sz'

Since we have chosen §2; to be the set of all points of distance less than 4 from S, we have
M"Y = kg"?, where k is the volume of the k — 1 dimensional unit sphere divided by k + 2.
Hence the reduced energy density is

W= —eayg“bg“t( 2% — q*115,) (Vou! — gl 112,)
+ 50 (a7 o Vads — 1) ((a7")5 Vool —113,). (6.5)

Since (d F)% = q5, it follows that

Vedy = Vaqo. (6.6)

1

Differentiating the equation 0 = Pl ot = Plog ' ogoit = PJ,| o g, we obtain

0= VPJI' o qJ‘ + Pﬂ||| o VqJ‘,
or, in index notation,

(Vaa2)(a™")g =—(Vala™")o)as 6.7)

By Egs. (6.6), and (6.7), the fact the metrics are covariant constants and the orthogonality of g,

(Vo) (a7")e = —(Yal(a7")2) a2 = —eay 8™ (Vaal )al

= _eaygbc (chgz/)qg = eaygbc(chff)qg-

Substituting this last identity as well as the symmetry of the second fundamental form into the
second term of (6.5),

g ((a7"), Vaal —105,) ((a™")5 Voa! —115,)
="' (eay 8" (Vea)al — 0" aa 112,) ((a7")s Vil — 115,
= g ey 0" (Vea) — af 118,) (ol (a™") Vil — al/ 115,
=|P)o(vat —glom)|”.

Thus,



R. Kupferman, J.P. Solomon / Journal of Functional Analysis 266 (2014) 2989-3039 3027
Noting that | - |* = |Pc||| o+ IPqL o-, Pc||| oqll =1d, and PqL oq+ =0, we have
2 K 2
W=x«|P)oVgt —11]> + Z| Pt o Vgt |*.
214
The proposition follows immediately. O

7. Lower semicontinuity

In this section we show that a sequence fj, that satisfies the finite bending assumption (2.3)
and whose reduced-limit is (F, q*), satisfies the lower-semicontinuity property,

liminf € > Eim[F, g™ ]
iminf €,(f] > Eim[ F,q7]
We first pass to a subsequence fj, so that
lim &y [ fn,]=1lminf Ex[ fp].
k— 00 h—0
Thus, in the following arguments, we may freely pass to a further subsequence; from now on, we
drop the subscript k.
Let g, be a sequence obtained from the rigidity Theorem 4.2, and let g, be an orthogo-

nal projection of q; on SO(n), i.e., g, € SO(n) and |q, — qn| = dist(q, SO(n)). Applying the
Cauchy—Schwarz inequality and the invariance of SO(n) under parallel transport,

| *qn — JT*EIh‘Z <2ldfyo Il —n*gy ‘2 +2 dist*(d fn, SO(n)).
Averaging over 2, using once more the properties of the push-forward operator m,, esti-

mate (5.1), the finite bending assumption (2.3), and the estimate of the volume form discrepancy,
Lemma 3.4, we have

][ lan — dnl*d volg)s = O (h?). (7.1)
S

It follows from Eqgs. (5.1) and (7.1) that

][\dfhon—n*ahfdvolg: 0 (h?). (7.2)
2

Passing to a subsequence and using the L?-convergence of gy, to q (Proposition 5.1), we have
lim { |G, — q/*d volgjg = 0.
hl_)o][|qh q|”dvolgs
S

Note that we can only guarantee the convergence of §j to q in L%(8; T*M|g ® R"), whereas
qn converges to q weakly in W12(8; T*M|s ® R"). The reason for defining the possibly less
regular sequence ¢ will be made clear further below.
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Proposition 7.1. The sequence

qn — qn
h

a; = (7.3)

has a subsequence (not relabeled) that weakly converges, as h — 0, in L>(8; T*M|s ® R"); we
denote the limit by a.

Proof. This is an immediate consequence of Eq. (7.1), as it follows that the sequence ay; is
bounded in L%(S; T*M|s @ R"). O

Proposition 7.2. Let Fj, = 7. ( f) and define
fon=Fpom+a*qr oA
Then

Jim ][ \dfy — d ful*dvolg = O(h?).
2

Proof. Compare the definition of fh with that of the recovery sequence (6.1). By an argument
similar to that used in Proposition 6.1 we find

dfpooc=n*dF, —|—71*(Vqﬁ) oA
dfnot=mn*qgi. (7.4)

Using the invariance of the inner-product under parallel transport, along with the Cauchy—
Schwarz inequality (twice) and Lemma 3.1,

\df —d ful* =dfi o IT —d fyy 0 [T
<2ldfyo I —d fulo ®@0|* +2ld fu|(c @0 — 11|
<4|dfy o [T —7*(dFy, & ai)|* +4|7* (Vi) o A* + 21d fin? O ().
We then average over §2;,. The first term on the right hand side is O (h?) by Eq. (5.1), Proposi-
tion 5.3, and Lemma 3.4. The second term is O (h?) because Vg, is bounded in L? by Eq. (5.3)

and |A| = O (h). Finally, the third term is O (h?) because |d fh % is uniformly bounded in L%(2p)
as obtained by combining Eq. (7.4), Lemma 3.1, Lemma 5.2, Eq. (5.2) and Eq. (5.3). O

Proposition 7.3. Let fh be defined as above. Then the sequence

df, —df
bhzy (7.5)

weakly converges to zero in the sense of Definition 3.1.
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Proof. Let @ € C3°(82y,; T £23, ® R"). Denote by d* the dual of the exterior derivative with

respect to the L? pairing of §. By Lemma 3.8, d* is also the dual of the exterior derivative with
respect to the L? pairing of wuy g. Integrating by parts,

[ (id) s~ dfir. @) dvols = [ (uid)((s = i o d* @) dvoly.

2 2y

0 0

Using the Cauchy—Schwarz inequality and Lemma 3.7

2
‘ / (448) (45 (@i — d fn), @) d volg <c/<<p>< f |fh—fh|2°,U~th01g)

‘Qh() .Qho

< c<q>)< ][ | fn — fh|2dvolg).
2y

Using the fact that 7, ( fh) = . (fn) and applying the fibered Poincaré inequality,

2
Y A C(P) A
‘ f (178) (17, (@ — d fr), @) d volg <o (| fi = ful?) mad volg
.Qho 8
C(cb)hZ/ -
< . (|ldfn —d frn]”) med vol
2l ) me{ldfn =4 i) ’

= C(P)h> ][ \dfn, —d fu)*dvolg.
2y

Dividing by 42 and applying Proposition 7.2,

df, —d f
fosos (522 o)

hg

2
lim
h—0

<C(@) lim ][ \dfy —d fu|*dvolg =0.
2

Since C™®($2py; T* 2, ® R") is dense in L2(£2,; T*2,, ® R"), this equation holds for all
@ € L*(2py; T*2p, ®R"). O

Proposition 7.4. The sequence

_th—Clyl

p (7.6)

Ch
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has a subsequence (not relabeled) that weakly converges, as h — 0, in L*(8; T*$ @ R"); we
denote the limit by c.

Proof. This is an immediate consequence of Proposition 5.3, which together with Lemma 3.4
implies that

Flar, ) avog, =0(s),
S

hence ¢, is a bounded sequence in L2S; T*S®QR"Y). O

We now turn to estimate ;[ f,] as h — 0. By the invariance of SO(n) under parallel transport
and the fact that q; € SO(n),

dist?(dfn, SO(n)) = dist?(dfy o IT, SO(n))
= dis?®(dfy o [T o 7*F;, ', SO(n))
= dist*(1 +h Gy, SO(n)),

where G, € L2(£2,; GL(n)) is given by

_dfhoﬂon'*ﬁgl—ld

; (7.7)

h

Thus,

1[5
Enlfil = 5  dist (Id+h Gy, SO(n)) d voly .
2

We start by making a few observations about G:

Proposition 7.5. The sequence Gy, € L*>(2;,; R ® R") is bounded, namely,

][lGh|2dvolg =0(1).
2y

Proof. This is an immediate consequence of the estimate (7.2), as

2 1 x~—1 2
|G| alvolgzh—2 |dfy o ITon*y, " —1d|"dvolg
25 £y

1 ~
:ﬁ][|dfhoﬂ—n*qh\2dvolg:0(1). O
2
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Proposition 7.6. G, can be expressed in the following form:

Gh:bhOHOJT*EI;I+7T*((ah+ChOP“)OEIZI)

dfyo(l—0@®i+0on*llo(i®x*Pl)) B
+ p O(ﬂ*th)

A
+7*(Vay —dFyoll)o (E ®ﬂ*p||) oG]

)
—*(Vay) o (A ®n*Ho<Z ®7-(*P||)) oG,

Proof. This follows after straightforward algebraic manipulations from the definitions (7.3) and
(7.5) of ay and by, formula (7.4) for d f;, o (o @ t), and the definition (7.6) of ¢;,. O

Proposition 7.7. Let

~ 1
Enlfnl= 2 ][ Xh distz(Id +h Gy, SO(n)) dvolg,
2
where
_ { 1 |Gyl <h™1/4,
0 otherwise,
and let
Gn+GT|?
Inlfnl= 1 xn|——=2| dvolg.
2

Then,

}}i_r)%(-]h[fh] — Enlfnl) =0.

Proof. By definition,
Inlfnl = &l fil = ][ xn (e — Br) d volg,
£2p
where

distdd +h Gj, SO(n))
oy = h and B =

G +GI
|

Using Lemma 6.1 with A replaced by & G, we obtain

oy, — Brl < Cmin(|Gyl, k|G l?). (7.8)
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When the indicator function y;, is non-zero, |G| < h~!/#, hence
@i = Bil < lan = Bul (e = Bul + Br) < ChIGHI* - 21Gil = O (h'1?),

from which follows that

Ll = Ealfill < f ola? - B3] dvolg = O (4.
2

which completes the proof. O
Since, trivially, &,[ /1] < &xl f], if follows that
liminf &[ f,] > liminf J[ f3],
h—0 h—0
hence it only remains to show that
. 1
liminf Jy[fi] > Eim[F, q"]-

To this end we write G}, = Ggll) + G,(f), where

i1=0r- A wfco e
and
67 =24 w{(co P +a)oq ]
where A is given by Eq. (6.3), namely,
A=n*(Vat —qlol)o (h@r*Pl)on*q".
Thus,

1 T 2
Inlfil= 7 ][Xh GV + GV P dvolg
£p

1 T
+ - ][Xh 1GP +G2" |*dvolg

4
£2p
1 T T
+3 ][Xh (G + Gy G + G ) dvoly,
2y

and
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1 @ "
liminf J[ f5] > liminf — n|Gy, dvol
mint Jal/a] > liminf o 7 | [“dvoly
2

o1 1 mT @ T
+h}g(r)1f5][;<he(Gh +G,’ .G,”+G,” )dvolg,

2

Proposition 7.8.

1
liminf - ][ Xh‘G(z) (2) | dvolg = liminf — ][|G(2) (2) ! dvoly
h—0 4 h—0

2y 2y

Proof. Consider the difference

Ah—][(l ) |G + (2) > dvolg.

3033

(7.9)

Using the Cauchy—Schwarz inequality (twice), the uniform bound |A/A| < 1, and Lemma 3.7,

Ap < 4 ][(1 —x)|GP| dvol,
2

8 ][(1 — 7 (Ve +[(co P + )| + |(q" o 1)) d vol,
2

<c [(@=xomr(va P +co P +a) + @ o) )n o

‘QhO

Using Lemma 3.7 and Proposition 7.5,

]((1—Xh)0Mh)nAw ][(I—Xh)dvol

‘QhO

< c’hl/z][ |Grl*dvolg = O(h'/?).

2y

(7.10)

It follows that (1 — xj) o uy, is the indicator function of a set of measure tending to zero with 4.
So, since 7*(|Vgt|> +|(co Pl +a)|? +|(q! o IT)|?) is integrable in $2p,, inequality (7.10) implies

that Ay, tends to zero as 7 — 0, which completes the proof. O

Proposition 7.9.

liminf — ][|G(2) (2) } d volg Ehm[F, ql].
h—0
£p
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Proof. The integral
1 T
7 ][|G,(f) +GP" P dvol,
£2p

depends on the sections a and c. It is easy to see that for every finite 4 > O this integral is minimal
fora,c= O(hz), hence

A+ AT |?
liminf — ][|G(2) (2) ‘ d Vol > lim — 2 ][‘ +
h—0 h—0h

dvolg = Ejim[ F. q ]
2

and the last identity was proved in Section 6. O

Proposition 7.10.

1

L M, 07 @ @7

ll}rlrl)lgfi][Xhe(G +G,’ .G, +G;” )dvolg
2y

1

L M 0T @ @7

zhlggfi][ (G, +G,’ .G,”+G,” )dvoly.
£2p

Proof. Consider the difference

Ap = ][(1 — eGP +6M G2 1 6P dvoly,.

Using the bilinearity of g and the Cauchy—Schwarz inequality,

| Anl? <4< ][|G,§”|2dvolg> ( ][}Xh(;,?)ﬁdvolg).
25 2

The first term on the right hand side is uniformly bounded by Proposition 7.5 whereas the second
term tends to zero by the same argument as in the proof of Proposition 7.8. O

Proposition 7.11.

1

. ) MmT ~© T

}}E}I})Ef e(G,’+G,” .G, +G,;” )dvolg=0.
2

Proof. Note that
(G;ll)—i—G(l) G22)+G(2) ) 9((G§11)+G(1) )on q, (GI(12)+G(2) )on*q).

Using Proposition 7.6, the sections Gﬁll) o r*q can be rewritten as follows:
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Gzl) omr*q="bpollo n*(ﬁ;l o q)
+7*[(an +cho P od, oq] —n*[a+co PI]

A A
+ ¥V o (E ®n*P”> or*(d, ' oq) —7*Vato (E ®71*P”>

A Y
—7*(dFoll) o (Z ®n*P”> or*(d;, ' oq) +7*(q" o) o (Z ®7r*P”>

+dfho(H—crGBL—l—GoJT*IIo()\(X)JT*P”))
(@]
h

—Jt*(Vq,J;) o (k ®n*IIo<% ®7t*P”)) on*(ﬁ;l o q).

7* (@, ' oq)

Consider the first line of the right hand side: b;, weakly converges to zero in the sense of Defini-
tion 3.1 (Proposition 7.3), whereas ﬁ;l is bounded in L*°(8; R" ® TM]|g) and strongly converges
to g~ ! in L2(8; R” ® TM|g). It is a known fact that the product of an L? weakly converging
sequence and an L2 strongly convergent sequence that is bounded in L™ weakly converges in
L? to the product of the limits. We therefore conclude that the first line weakly converges to zero
in the sense of Definition 3.1. By a similar argument the second, third, and fourth lines weakly
converge to zero as well. For the fourth line, we use also Proposition 5.3. The fifth line is O (h)

by Lemma 3.1, whereas the sixth line is O (h) due to the A-factor. Thus, G,(ql) o *q weakly con-

T
verges to zero in the sense of Definition 3.1. Similarly, G;ll) o *q weakly converges to zero.
Noting that

T A
(62 + 62 or*a= "y +Bao
for suitable B1, B2, we apply Lemma 3.9 to obtain the desired result. O
Corollary 7.1.
.. 1
liminf Jj[fi] > Eiim [ F, q"]-

Proof. This is an immediate consequence of Eq. (7.9) and Propositions 7.8, 7.9, 7.10,
and 7.11. O

Corollary 7.2.

liminf 4[fu] > Eim[F. q" ]
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8. Examples
8.1. Plates and shells

Plates and shells correspond to the case of n =3 and k = 1, that is, the limiting manifold 8
is a two-dimensional surface. For k = 1, the limiting energy functional Cj;y, further simplifies, as
the second term in (2.6) vanishes. This is because for k =1,

1 1 _
Py oVg—=0. (8.1)
Indeed, let u be a local unit length section of NS. Then, Vu = 0 because

0=dg(u,u) =2g(u, Vu)

and NS is one-dimensional. So,

(Vat)w) =d(atw) — g-(Vu) =d(qt@w)).

On the other hand, since P is an orthogonal projection, and ¢ is orthogonal,

9(P; o (Vo) ), u) = e((Va) ). gt (w))
=e(d(qtw)), g (w))

1
= Ede(qL(u), q*(w))
=0.

Since u spans NS, Eq. (8.1) follows.

Finally, we note that since q € SO(3), it follows that q* is unambiguously determined by d F,
which means that the F : § — R3 fully characterizes the limiting configuration. Noting that
k = 1/3, the limiting functional for plates and shells is:

1
ElimlF] = 5 ][‘Pc||| o qu_ — II{deOIQ”S ) (8.2)
8

This integral has a well-defined physical meaning. It is the mean square difference between
the induced second fundamental form Pc||| o Vgt (the gradient of the normal to the surface) and
the intrinsic second fundamental form, i.e., it is a bending energy.

The limiting energy (8.2) applies equally to plates and shells, the only difference being
whether II = O (plates) or II # O (shells). It also applies equally to Euclidean and non-Euclidean
plates/shells. The plate/shell is Euclidean if there exists an immersion F : § — R>, such that
F*e=g|s and Pa||| o Vq+ =1I, or equivalently, if g|s and II satisfy the Gauss—Codazzi—Mainardi
equations [6]. If gg and II are incompatible, then the plates/shell is residually-stressed and the
minimizer of (8.2) has non-zero energy.
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8.2. Rods

Rods correspond to the case n = 3 and k = 2, which means that § is a one-dimensional sub-
manifold. For n — k = 1 it is d F that is uniquely determined by q=.

The remarkable fact in the case of a one-dimensional submanifold is that there exists a limiting
configuration, (F, qL), such that the limiting energy &jiy, vanishes. That is, d F & qL € SO(n)
and

PqL oVgt=0 and Pc||| oVt =1I. (8.3)
This means that there exists a sequence of approximate minimizers f; for which [ f5] = o(1).
Hence, to obtain a finer limiting structure one should divide the physical elastic energy by a

higher power of 4.
We now show that a solution satisfying (8.3) does exist. In particular, we show that Egs. (8.3)

are equivalent to a system of linear ordinary differential equations. Let p € 8. Since gl o Pc||| =
Id —gt o P, it follows that

q” o Pc||I o VqL = VqL — qL o PqL o VqL.
Substituting using Eqgs. (8.3), we obtain
Vgt =gl o1I. (8.4)
On the other hand, Eq. (8.4) immediately implies Egs. (8.3).

Moreover, an equation for gl can be derived from (8.4) as follows. Since for every £ € N§
andne T3

e(q ). q'() =0,

differentiating and using Eq. (8.4), we obtain

e(qt @), Vil ) = —e(Vyat @), ')
=—¢(ql o I(n, &), q' () = —g(11(n, &), n).

Introducing the metric adjoint of the second fundamental form IT: 78 x T8 — NS, we have
e(at©). Viyd' () = —g(€. (0. n")) = —e(a™ ). 4" o 11(n., ")),
from which we conclude that
Vgl = —gt oIl (8.5)
Since 8 is one-dimensional, (8.4) and (8.5) form a linear ordinary differential system, which

can be solved globally. In fact, they are generalized Serret—Frenet equations, which uniquely
determine the shape of the limiting curve.
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9. Discussion

The main contribution of this paper is to unify the analyses of dimensionally-reduced elastic-
ity models, resulting in a limiting model that covers a variety of known cases as well as cases
that have not yet been rigorously treated, such as non-Euclidean shells and rods. The general-
ization has been attained by performing the entire analysis within the framework of Riemannian
geometry. While being at times technically cumbersome, the Riemannian formalism is the appro-
priate framework when considering incompatible elastic bodies, so that the notion of a Euclidean
reference configuration becomes irrelevant.

The entire analysis rests on the so-called finite bending assumption, whereby there exists a
family of mappings f,, such that ;[ f;] = O(1). As noted by Lewicka and Pakzad [17], this
condition is equivalent to the existence of a W22 isometric immersion of (8, g|g) in R”. The
equivalence between the two conditions in an immediate corollary of our results: if the finite
bending assumption holds then we have shown that fj has a subsequence that reduced-converges
to a W22(8; R") isometric immersion. Conversely, if a W22 isometric immersion exists, then
the recovery sequence defined in Section 6 satisfies the finite bending assumption.

It should be noted that in the present work we assumed a specific elastic energy func-
tional (2.2). Note that this energy is tolerant to local orientation reversal, which is clearly
unphysical. A more general treatment would assume, as customary, an arbitrary energy density
along with the standard Lipschitz continuity and coercivity conditions. We intentionally chose
a specific energy in order to avoid additional technicalities; the analysis in [10], for example,
indicates that a more general energy can be addressed by the same techniques.

This work raises a number of questions of interest.

e Under what conditions on g|g does the finite bending assumption hold? There exists a large
amount of work on Holder regular or smooth isometric immersions in Euclidean space. How-
ever, we are not aware of similar work for Sobolev maps.

e The proof of local rigidity, Theorem 4.1, relies on the rigidity theorem proved in [10] for
mappings R" — R". Generalizations to mappings between Riemannian manifolds would be
of much interest.

e How does f;, approach the limit (F, ql), and in particular, how does E,[ fi] — Eiim[ F, ql]
scale with h. The (non-rigorous) analysis in [8] indicates that the deviation of f; from the
limit F is focused in a boundary layer of width O (h!/?) in the vicinity of the boundary of 8,
and consequently, Ex[ fn] — Eiml[F, g1 = O(h'/?).
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